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Introduction

CTIVE control using actuators to obtain high accuracy of the
static shape of large space structures is proposed. Unlike vi-
bration control, high-control performance in static shape control is
primarily determined by actuator location. A great deal of effort has
been made in the last few years on techniques for solving for the opti-
mal actuator placement or the integer optimization problem, ' What
seems to be lacking, however, is to evaluate the fault tolerance of
the obtained actuator placement. In this Note, actuator failures are
taken into consideration in the process of optimization.® In space
applications actuator failure may occur, for example, at liftoff of
the rocket, in the process of deployment and construction of the
space structures and during operation of the actuators. Because it is
so costly to repair or exchange a failed actuator in space, the actu-
ators should be located so as to meet mission requirements even in
the event of fajlure.
In this Note, actuator failure models are classified and thelr formu-
lation is given. The optimization problem in this study is explained,
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and the results of computational simulations using a realistic exam-
ple are discussed. The genetic algorithm (GA) method is used as the
optimizer in these simulations.

Optimal Shape Control Law

It is assumed. that static distortion has occurred due to. errors in
the element length of truss structures e. When the system is assumed
to be linear, the sensed distortion u is obtained as*

u=Ve+ B0 =y + BO [¢D)]

where ¥ is the distortion caused by the length etrors of the truss
members, @ is the vector of actuations of the actuators, and ¥ and
B are the matrices which represent their effects. The quadratic dis-
tortion measure can be expressed by a proper weighting matrix W
as follows:

Wl =u"Wu )
The actuators are controlled such that the quadratic measure is mini-
mized based on the measured distortion, then the residual distortion
and distortion measure after the optimal control become

8 =y = (I —BA™'BTW)y = Gy 3)
2 = yT (W—WBA™'B" W)y = y" Qy @)

where A = BT WB. The effectiveness of the shape correction is
measured by, e.g.,*

g% = E[82, J/E[¥" W] = tr[@Cy 1/tIlWCyyl  (5)

where E[] denotes the expectation, trf ] refers to the trace of ma-
trix[ ], and Cy. is the covariance matrix obtained from the covari-
ance matrix of e.

Actuator Failure Models

Classification

Actuator failure models are considered in this section.®> They
may be divided into two main types as control system can iden-
tify the failed actuator A-1, and control system can not identify
the failed actuator A-2. They can be further classified into the fol-
lowing three types, when an actuator is failed, the failed actuator
fastens the member B-1, the failed actuator releases the member B-2,
and the failed actuator actuator out of control B-3. Moreover, B-1
may be grouped into the following: the length of the failed active
member is fixed to the initial length; in other words, it is regarded
as a passive member B-1-1, and the length is fixed to the last length
under control B-1-2, namely, it is regarded as the passive member
whose length error is superimposed with the last actuated value of
the actuator, where it is understood that the control effectiveness is
not affected by the actuator’s stiffness provided its stroke is long
enough.2 We can divide B-3 into two types: the actiiated value of
the failed actuator is correlated with the control value B-3-1, and
the actuated value is not correlated with the control value B-3-2.

Formulation

In this Note, we concentrate on the simplest failure model: A-1
and B-1-1. The number of failed actuators is assumed to be only one,
though it is easy to extend the analysis to several failed actuators.
Similar to Haftka and Adelman,! this section develops a rigorous
evaluation of the control measure, Eq. (5), due to removing one ac-
tuator. Removing the ith actuator can be simulated by performing
the minimization of Eq. (2) under the constraint that 8, = 0. Em-
ploying Lagrange multipliers, we search for stationary points of ¢;
where

¢ = u" Wu —2)e%.0 (6)
where ey; is a vector with unity in the ith row and zeros elsewhere,
and e”,8 = 6;. From stationary conditions, the distortion measure,
Eq. (2’) becomes

529 = YT QY + el Sy + A2l Uey )
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where H=1—-G, S =HG + (HG)T, and U = HBA™'. Then
using Eq. (4),

E[830] = E[82,.] + AVE[82,] ®)
where
A‘i)E[éfms] =1/a"", T (Hij Six + SijHir) Cyy ji

_1 32 '
+2Uii/(a 1“) Bj<uHij HixCyy i ©)

a”'; is the ith diagonal of A, and Hy;, Sij, Uj, and Cyy,;; are ij
components of H, S, U, and Cy, respectively.
Therefore, we can obtain the following equations from Eq. (5):

g0 =g’ + a0g? (10)
AVg? = AVE[8L ]/EWTWy) 11)

Opﬁmization Problem and Numerical Example

The optimal problem of the present Note is the following min-max
problem:

Minimize;—x, x,.....x,18-(1) = g% + Maxi<i<n, AP g?

subject to
xj€{l,2,...,n} (G=12,...,n,)

Hence, we look for the actuator placement in which the worst value

of the control measure due to one failed actuator is a minimum.

This problem is demonstrated by using a three-ring tetrahedral
parabolic truss? as shown in Fig. 1. This structure is composed of a
total of 234 members, that is, 90 upper-surface members, 63 lower-
surface members, and 81 core members. The number of actuatorsn,
is limited to 10. We assume that only one actuator among 10 fails.
As a result, the total number of feasible configurations amounts
to 4.1 x 10% for case A in which more than one actuator can be
accepted in a single member, and 1.1 x 10'7 for case B in which
only one actuator is accepted. As such, we obtain not the exact best
solution but the approximately optimal one.

The component of the ith row and the jth column of the covari-
ance matrix of the length error is given as? X;; = 1.0 x 1074(8;; +
vij), where §;; is the Kronecker delta, and y;; = 1 if both i and
J are on the lower or upper surface, ;; = 0 if i or j are in
a core member, y;; = —1 otherwise. The displacements in the
z direction of 37 nodes on the upper surface are sensed. In this
study, the GA method is used as the optimizer in which popula-
tion number is 50, the probability of mutation is 0.05, and the to-
tal number of selected configurations in one calculation is 60,000
(Ref. 2).
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Fig.2 Histogram of the worst value of g2 with one actuator failure.
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Fig. 4 Configurations of the optimal actuator placement.

Figure 2 shows a histogram of the results of a total of 20 cal-
culations, in other words, 8 for case ‘A and 12 for case B, and
indicates that case B is superior to case A. The best placement
(g% = 0.094, maxg*® = 0.120) of the min-max problem was ob-
tained five times in 12 calculations.

Figure 3 summarizes the comparison of the control measures of
the optimal placement for the min-max problem and of the opti-
mal ones without failure consideration in various actuator numbers,
n,. In Fig. 3, min-max is the optimal value of the control measure
with failure consideration, best and typical denote the best optimal
value and the optimal value obtained many times without failure
consideration, respectively, min., ave., and max. designate the min-
imum, average, and maximum values in the case that 1 actuator in
n, actuators has failed. Figure 3 indicates that the optimal value of
min-max is better than the optimal value of n, = 9, and that the
maximum value of min-max in the case of failure is superior to the
optimal value of n, = 7. The average value is nearly equal to the
optimal value of n, = 8, and the minimum value is not very much
inferior to the optimal value of n, = 9. In the best and typical cases,
however, the values of the control measure become by. far worse
when 1 actuator has failed.

The configurations of the optimal actuator placement obtained in
this study are shown in Fig. 4. The circle denotes the active member,
and the double circle designates the critical member among the
active members if an actuator failure has occurred. Figure 4 tells us
that it is difficult to obtain good actuator location against an actuator
failure without failure consideration.

Concluding Remarks
The authors propose an actuator location optimization with actu-
ator failure consideration for the static shape control of truss struc-
tures. Actuator failure models are considered, and the formulation of
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the simplest failure model is given. The authors explain that the opti-
mization problem of the present study becomes a min-max problem.
This analysis is applied to a realistic problem based on a three-ring
tetrahedral truss example. So far as investigated here, an actuator
location with high fault tolerance for static shape control can be
obtained by an optimization with actuator failure consideration.
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Fundamentals

IGH-ORDER shear deformation theories (HSDT) have been
widely used in composite laminate analysis. Lo et al.! have
used unified notations to document the development of HSDT ac-
cording to the order of thickness coordinate z of the assumed in-
plane displacements. As a result, they have also presented a third-
order shear deformation theory for composite laminate analysis, i.e.,

u(x, y,z) = ug(x, y) + ur1(x, y)z + uax, y)z2 + us(x, y)2°
v(x, y, 2y = vp(x, y) + v1(x, Y)z + va(x, )22 + v3(x, ¥)2° (1)

w(x,y, z) = wolx, ¥) + wi(x, ¥)z + wa(x, y)z*

The predictions of in-plane stresses from HSDT are reasonably
good. However, with the assumptions of continuous functions of
u and v through the laminate thickness, the kinky, zigzag distri-
bution of in-plane displacements cannot be obtained from HSDT.
To remove the deficiency and to improve the accuracy of trans-
verse stress prediction, layerwise theories (LT), which are based on
assumed displacements for individual layers, have been proved to
be very promising techniques. A third-order layerwise theory has
been presented by Lu and Liu® and can be expressed by the unified
notations as used in Egs. (1),

ub(x, y,z) = ub(x, y) + ub(x, )z + uk(x, y)2% + ub(x, )23
v (x, 3, 2) = vi(x, y) + ¥, )z + v, )22 + vk, )2 ()

wx, y,2) = wo(x, y) + wilx, )z + wa(x, )72
where the superscript k represents the layer order.

Received Jan. 21, 1994; revision received Aug. 30, 1994; accepted for
publication Sept. 2, 1994. Copyright © 1994 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

*Graduate Research Assistant, Department of Materials Science and Me-
chanics. Member AIAA.

t Associate Professor, Department of Materials Science and Mechanics.
Member AIAA.

Although the layerwise theory gives excellent displacements and
stresses (both in-plane and transverse), it suffers from a major com-
putational drawback. The total number of degrees of freedom is
dependent on the number of composite layers. As the layer number
increases, the computational effort becomes very demanding. As for
compromising techniques to HSDT and LT, a few zigzag theories
(ZT) based on different displacement fields have been developed,
e.g., Refs. 3-7. This study aims at presenting a zigzag theory by
utilizing the same notations as those used in Egs. (2).

By following Egs. (2), the in-plane displacements for each com-
posite layer are assumed to consist of up to third-order terms. Tohave
the total number of degrees of freedom independent of layer number,
only two coefficients of u; are allowed to be layer dependent. The re-
maining two coefficients are layer-independent variables. Since the
characteristic of the zigzag theories is that only their zeroth-order
and first-order terms are designated as layer dependent, the displace-
ments of the kth layer of a zigzag theory can be defined as follows:

uk(x,y,z) = ulb(x, y) + uk (x, )z + ua(x, )22 + us(x, y)2*

f , 3@
wh(x, y, 2) = wolx, y) + wilx, y)z + walx, y)z
It should be noted that Eqs. (3) are for a two-dimensional, third-
order theory. A more generalized theory that contains high-order
terms can certainly be established. In addition, it is worthwhile to
point out that the coefficients of the in-plane displacement poly-
nomial are variables to be determined by variational process and
continuity conditions on the laminate interfaces instead of special
functions as defined in other zigzag theories. Details of the coordi-
nates, layer order, and interface locations can be found in Fig. 1.
In this study, linear strain-displacement relations are employed:

duk dw out  Bwt
d=o— d= ph=——t—— @

T Bx

dz ox

Since the primary objective of this study is to evaluate the proposed
zigzag theory, a closed-form solution that is free from numerical
error is highly desired: As a consequence, only cross-ply laminates
are considered. (For other composite laminations, numerical anal-
ysis such as finite element method is required.) The constitutive
equations for the kth layer are given by

3 k K k

Oy 11 i3 0 £x
3 k & k

o ¢ =|QCh Q93 O & &)
& k &

Try Y 0 05 Vxz

where Qf; are stiffness components.

Formulation

Based on Egs. (3), the number of layer-dependent variables in an
n-layer composite laminate is 2n. These variables can be replaced
by layer-independent variables through the enforcement of continu-
ity conditions of both displacement and transverse shear stress on
the laminate interfaces. If the composite Jaminate has perfect bond-
ing on the interfaces, the following continuity conditions should be
satisfied:

uk_l'z 2, = uklz Z,
T T ©)
k-1 — Lk —
Tt lpmg = T i—z k=2,3,4,...,n

By substituting Eqs. (3-5) into Egs. (6), uf and #* are no longer
layer-dependent variables. They can be replaced by two new layer-
independent variables 1 and u,. And the coefficients of the polyno-
mial equation are functions of layer properties and coordinates, i.e.,

w* =ug+ (R + Akz)u; + (R + Akz + 22)u,
+ (RE + ASz + 2%)us + (RE + Alz)wo, )
+ (R§ + A’;Z)wl,x + (Rg + Ang)wzvx

wh(x, ¥, 2) = wo(x, y) + wi(x, ¥)z + walx, y)z*



